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Abstract
We consider the Dirichlet-energy maximization problem of the solution
uf of (2), among all functions f ∈ L
2(D), such that ‖f‖2 = 1. We show
that the two maximizers are the first eigenfunctions of the Laplacian with
Dirichlet boundary condition f = ±u1.
One of the classical problems in rearrangements theory is the minimiza-
tion/maximization of the functional
Φ(f) =
∫
D
|∇uf |
2dx, (1)
where uf is the unique solution of the Dirichlet boundary value problem{
−∆uf = f in D,
uf = 0 on ∂D,
(2)
and f belongs to the rearrangement class.
Let us change the problem and maximize the functional (1) over the unit
sphere in L2, i.e.,
f ∈ S = {f ∈ L2(D) : ‖f‖2 = 1}.
First we relax the problem and consider the maximization of Φ(f) over the
unit ball
B = {f ∈ L2(D) : ‖f‖2 ≤ 1}
in L2(D). The existence of the maximizer(s) fˆ ∈ S follows from weak closedness
and convexity of B, and strict convexity and weak continuity of Φ.
Passing to the limit in the extremality condition
t−1
[
Φ(fˆ + t(f − fˆ))− Φ(fˆ)
]
≤ 0
we obtain
〈Φ′(fˆ), f − fˆ〉 ≤ 0.
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Observe that Φ′(fˆ) can be associated with 2uˆ := 2u
fˆ
,
ǫ−1
∫
D
|∇uf+ǫh|
2 − |∇u|2dx =∫
D
∇(uf+ǫh + uf) · ∇uhdx→ǫ→0
∫
D
2ufhdx. (3)
Thus, ∫
D
fuˆ ≤ fˆ uˆdx
for all f ∈ B.
Applying Cauchy-Schwartz inequality we see that∫
D
fˆ uˆdx ≤ ‖uˆ‖2‖fˆ‖2 ≤ ‖uˆ‖2
and the equality holds if and only if fˆ = λuˆ. Thus, fˆ must coincide with one
of the eigenfunctions uk ∈ S of the eigenvalue problem with Dirichlet boundary
conditions (see [1]) {
−∆u = λu in D,
u = 0 on ∂D,
(4)
and uˆ = λ−1k (D)uk, where λk is the kth eigenvalue.
The maximization of Φ over B reduces now to the maximization of
Φ(uk) = λ
−2
k (D)
∫
D
|∇uk|
2 =
1
λk(D)
over k, which happens when k = 1.
We have proven the following theorem
Theorem 0.1. The solutions of the maximization problem
max
‖f‖2≤1
∫
D
|∇uf |
2dx,
where the function uf is the solution of the equation (2), are the first eigenfunc-
tions fˆ = ±u1 ∈ S of the Dirichlet eigenvalue problem (4),
Φ(fˆ) =
1
λ1(D)
,
and uˆ = ±λ−1
1
(D)u1.
Remark 0.1. To see that the minimization of Φ over S does not have a solution
we need only to take a sequence fk ∈ S, such that fk ⇀ 0 and see that Φ(uˆk)→
0. Observe that f = 0 is the minimizer of Φ over B.
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